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Abstract
Scale–dependence is a common feature to all effective models of quan-
tum gravity. In this paper a cosmological model based on the scale–
dependent scenario of gravity is presented. It is argued that such models,
where the scale–dependence appears as a correction to the classical ΛCDM
evolution, have the potential of addressing the tensions between early and
late time measurements of H0. After defining criteria to parametrize this
tension, we perform a numerical scan over the parameter space of the
scale–dependent model, subject to these criteria. In this analysis it is
found that, indeed, the tension can be released.
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1 Introduction
We live in an exciting era of cosmology where nine out of ten cosmological
parameters can be measured at a sub percent precision level from properties of
the CMB [1]. This allowed us to set constraints to models beyond ΛCDM and
models of inflation [2–4].
In spite of this tremendous success, it appears to be a tension between the
CMB-inferred value and late cosmological time measurements of the Hubble
constant at the level of four sigma [5]. While several observations with dif-
ferent observables from late time cosmology give consistently a value of about
H
(late)
0 ≈ 74 km s−1/ Mpc, the expected value extracted from observables dom-
inated by the early universe is about H
(early)
0 ≈ 67 km s−1/ Mpc. This no-
torious difference is hard to be understood within the cosmological standard
model or with underestimated observational and systematic uncertainties [6].
Modifications to the ΛCDM model that can resolve the H0-tension are tightly
constrained by CMB data [6–8]. Nevertheless, several models with early dark
energy [9,10], additional self-interacting light relics [11] among other ideas have
been proposed to give an explanation of this discrepancy, see for instance [8].
Let us explain which of the usual assumptions in standard cosmology might
be behind the observed H0-tension and why weakening this assumption might
help to release the tension. While the SM couplings are well understood to be
constant at astronomical scales, this is not necessarily true for gravity due to
the infrared instability of the graviton propagator [12–14], or in other words, no
one really knows how quantum gravity really works. Thus, one should consider
the possibility of variable cosmological couplings from the Planck-scale [15–17]
down to astronomical scales .
A number of cosmological applications have been considered in the liter-
ature. Running vacuum models take advantage of the renormalization group
(RG) techniques of quantum field theory (QFT) in curved spacetimes. These
models with a decaying vacuum energy density were proposed to tackle the the
cosmological constant problem in Big-Bang cosmology [18,19]. The underlying
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idea of this formalism is related to earlier attempts addressing the cosmological
constant problem, see [20–24] and references therein.
Another, similar approach, usually applied to black hole physics, but re-
cently used in cosmological models and relativistic stars is scale–dependent grav-
ity [25–48]. This approach captures the main idea of all effective field theory
approaches to quantum gravity, such as the functional renormalization group
approach, by generalizing the constant couplings of the classical gravitational
action to running, and thus scale–dependent, couplings. This method offers
a generalization of the Einstein field equations where classical General Rela-
tivity (GR) can be recovered in the limit of constant gravitational couplings.
However, the equations of motion obtained from scale–dependence alone are in-
complete. In order to complete this set of equations one either needs input from
quantum-gravity calcultions (e.g. the beta functions), or one imposes physically
reasonable auxiliary condition(s).
It is helpful to realize that in many applications of GR such conditions have
already been developed. The most well known cases are the energy condi-
tions [49–52], which can be split into four cases: the strong energy condition,
the weak energy condition, the dominant energy condition and the null energy
condition. The null energy condition is the less restrictive of the four. We will
rely on a particular version of this condition in the context of scale dependent
cosmology [33]. With the scale–dependent formalism plus the application of the
null energy condition, the system can be solved (as we will show below). In
the present paper we will study a scale–dependent cosmological model that is
not an ad-hoc model invoked to resolve the H0-tension but, as it turns out, the
model has appropriate features for facing this problem.
The plan of our paper is as follows. In section 2, we will review the un-
derlying assumptions and fundamental equations of the ΛCDM cosmology. In
section 3, we will introduce the dynamical equations of the scale–dependent
cosmology. A novel criterion to compare the classical and the scale–dependent
Hubble parameter H(z) proposed. In section 4 this criterion is then applied in a
numerical survey of the phase space of the scale–dependent dynamical system.
In section 5 we give concluding remarks section and a brief outlook.
2 ΛCDM cosmology
This section is devoted to reviewing the main features of the ΛCDM cosmo-
logical model for later reference. The model is based on the assumption of a
homogeneous and isotropic universe described by the metric
ds2 = −dt2 + a(t)2dΩ2 , (1)
where a(t) is the scale factor, and dΩ2 is a spatially flat three dimensional space.
The Einstein field equations are
Gµν − Λgµν = κTµν , (2)
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where κ = 8piG and Λ is the cosmological constant and the contents of the
Universe are described by a perfect fluids,
Tµν ≡ (p+ ρ)uµuν − pgµν . (3)
For the metric (1) these equations reduce to
H2
H20
= ΩΛ +
Ωr
a4
+
Ωm
a3
, (4)
where the Hubble parameter is defined by H(t) ≡ ˙a(t)/a(t). In (4), one uses
commonly the density parameters at present: ΩΛ is the vacuum density, Ωr is
the radiation density, and Ωm is the matter density. The density parameters
are defined as the ratios of the density to the present critical density
ΩX ≡ ρX
ρc
, ρc =
3H20
8piG
, (5)
where X = {Λ, r,m} and H0 is the Hubble constant. The Planck collaboration
has determined H0 = 67.4± 0.5 km s−1 Mpc−1 [1], and
Ωm = 0.315± 0.007 . (6)
We will also use Ωγ = 2.47× 10−5h−2 [53] with h = 0.674 which give us
Ωr = 9.14× 10−5 , (7)
if we assume exactly three effective families of neutrinos. The data is compatible
with a spatially flat universe which implies
ΩΛ = 1− Ωm − Ωr . (8)
The density parameters (6), (7) and (8) are going to be our fiducial values for
the rest of the paper. The Friedmann equation (4) governs the evolution of the
scale factor provided the initial condition on H0 and the values for the density
parameters, see figure 1.
3 Cosmological equations in the scale–dependent
scenario
3.1 General considerations
This section summarizes the main features of the scale–dependent gravity for-
malism that allow to derive cosmological equations of this approach. The
scale–dependent gravity theory applied in this paper has been has been ex-
plored in a collection of papers mainly focused on black hole solutions see for
instance [31–34,37]). Further, certain cases of scale–dependent cosmology have
been explored in [25–29].
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Figure 1: Evolution of the density parameters as functions of redshift for the
fiducial values (6), (7) and (8). The color code is given as follow: solid green line
for the cosmological constant term ΩΛ, long dashed orange line for the matter
term Ωm and short dashed blue line for the radiation term Ωr.
The scale–dependent scenario takes the lessons learned from quantum theo-
ries in the sense that the coupling constants of the action cannot be treated as
constants anymore. Instead, these quantities become dependent on the renor-
malization scale k. In the context of a gravitational theory this means that
{G0,Λ0} → {Gk,Λk}. (9)
At the level of the well known effective action approach to quantum field theory
observables and quantum background solutions can be derived from
Γ[gµν , k] =
∫
d4x
√−g
[
1
2κk
(
R− 2Λk
)
+ L
]
, (10)
where κk ≡ 8piGk is the Einstein coupling, Gk the Newton coupling, R is the
Ricci scalar, Λk is the cosmological coupling and L is the matter Lagrangian,
which is taken to have constant couplings at cosmological distance scales. In
this formalism, it is essential for a meaningful physical prediction to relate the
coarse-graining scale k, with some physical variable such as the time variable
in cosmology. This must be taken into account when varying (10) with respect
to δgµν . The corresponding equations of motion then read [25,28,54–56]
Gµν + Λkgµν = κkT
effec
µν , (11)
where the corresponding effective energy–momentum tensor is defined as follows
κkT
effec
µν ≡ κkTµν −∆tµν . (12)
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The tensor ∆tµν encodes the scale–dependence of the gravitational coupling. It
is given by
∆tµν = Gk
(
gµν−∇µ∇ν
)
G−1k . (13)
The later expression clarifies how ∆tµν is related to the running of Gk and
also implies that when Gk goes to G0 the classical background is unperturbed.
Equation (11) is the generic gap equation of all effective actions that have the
form of (10). It is important to note that these equations are incomplete until
an additional equation is imposed. This additional equation could come from
specifying the beta functions of the quantum theory and from imposing a the
scale–setting condition k → k(x) [25,28]. Unfortunately, such a procedure comes
with large theoretical uncertainties. Nevertheless, for a homogeneous cosmolog-
ical background, the outcome of such a procedure will make the cosmological
coupling and the gravitational coupling time-variable functions G = G(t) and
Λ = Λ(t).
In this study we will follow the philosophy of complementing gravitational equa-
tions with energy conditions. Thus, we will take G(t) and Λ(t) as unknown
functions and close the system (11) by invoking an exact energy condition. In
our case this will be a null–energy condition for the stress–energy tensor induced
by scale dependence [41]
∆tµν l
µlν = 0 , (14)
where lµ is an arbitrary null vector in the cosmological background metric. The
idea behind this condition is to make the energy–momentum tensor introduced
due to scale dependence, as vacuum-like like as possible [41] and as invisible
as possible. Even a light-like particle should not be able to directly detect its
contribution.
The imposed energy condition (14) closes the system (11) and allows for a
straight forward and predictive implementation of scale dependence in cosmol-
ogy.
3.2 Background evolution
The system of differential equations which determines the cosmological back-
ground evolution is formed by three equations, two Friedmann equations from (11)
and one auxiliary ordinary differential equation obtained from (14):
1
H20
(
H2 −H g˙
g
)
= ΩΛλ(t) +
Ωr
a4
g +
Ωm
a3
g , (15)
1
H20
(
2H˙ + 3H2 − 2H g˙
g
+ 2
g˙2
g2
− g¨
g
)
= 3ΩΛλ(t)− Ωr
a4
g , (16)
g¨
g
−H g˙
g
− 2 g˙
2
g2
= 0 . (17)
where
g(t) =
G(t)
G0
, λ(t) =
Λ(t)
Λ0
. (18)
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As in the ΛCDM model, the density parameters Ωm, Ωr, and ΩΛ describe the
contents of the universe. The time dependence of the Λ coupling that is implied
in the scale–dependent scenario results in time-dependent dark energy
ΩΛλ(t) =
Λ(t)
3H20
. (19)
The set of differential equations is enlarged with respect to the ΛCDM case and
therefore initial conditions on a(t0), a˙(t0), g(t0) and g˙(t0) are required. The
function λ(t) can be solved algebraically from either (15) or (16) and we will
keep the closure condition of the density parameters, eq. (8).
Benchmarking the initial data
a(t0) = 1 , a˙(t0) = H0 , (20)
g(t0) = 1 , g˙(t0) ∼ 0.1 , (21)
for the fiducial values (6), (7) and (8) gives a noticeable promising solution, see
figure 2. We find that the Hubble parameter H(t) is larger than the Hubble
parameter implied by ΛCDM at low redshifts, while the density parameters as
functions of redshift remain very close to the ΛCDM behavior implied by (4)
shown in figure 1.
The potential of the scale–dependent cosmology for releasing the tension
between early–time and late–time measurements of H0 can be assessed by the
following function of the redshift implied by the ΛCDM model
∆(z) ≡ H(z)
H(ΛCDM)(z)
− 1 , (22)
whereH(z) is to be evaluated using the scale–dependent cosmology andH(ΛCDM)(z)
is to be evaluated using (4). For example, the conflicting measurements of the
Hubble constant H0 give
∆ =
H
(late)
0
H
(early)
0
− 1 ≈ 0.09± 0.02 . (23)
For given initial conditions, such as (20) and (21), a scale–dependent model
would be a good candidate for releasing the tension if it predicts ∆ ≈ 0 prior
to recombination (for the sake of concreteness, let’s say for z ∼ 103) and value
consistent with (23) for small z. Figure 2 shows ∆ as a function of z for some
exemplary scale–dependent evolution scenarios.
The figure (2) shows the numerical evaluation of ∆(z) for initial conditions
(20) and (21). Green and the brown contours overlap largely, meaning that (23)
is a natural outcome of the discussed SD scenario.
For the sake of argument in section 3.3, let us comment on the behavior of the
dimensionless gravitational coupling g(z) as a function of the redshift. Fiducial
values for the density parameters and the simplified initial conditions (20-21)
produce the results shown in figure 3. One notes that, for large redshift, the
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Figure 2: Deviation (22) as a function of z. The green square indicates the value
and uncertainties associated with late measurements of the Hubble constant.
The brown square indicates the value extracted from early observables. The
brown and green contours correspond to numerical solutions of (15-17) with
different initial conditions. The green contours are produced to match the green
square, while the brown contours are produced chosen to match the red square.
departure from the constant behavior is negligible. This is a direct consequence
of the energy condition (17) that gives us
g(t) =
C1
C2 +
∫ t
t
dt′a(t′)
. (24)
From this equation, we see that g(t) is nearly constant when the scale factor is
sufficiently small, and t is sufficiently close to a reference time t. This also tells us
that the effects from scale–dependence are expected to be dominant in the late
evolution–time. The qualitative behavior as a function of redshift displayed in
figure 3 represents all other initial data explored below. One notes that relative
changes of g(z) are small and that g(z) becomes constant for redshifts z & 10.
3.3 Perturbations in the SD scenario
The standard approach to cosmology perturbations splits the metric (1) in linear
perturbations hµν on top of a g¯µν background metric
gµν = g¯µν + a
2hµν , (25)
where the small expansion parameter is   1. Perturbations of the stress
energy momentum tensor are defined by
Tµν = T¯µν + Θµν . (26)
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Figure 3: Blue: Dimensionless gravitational coupling as a function of the
redshift (3) for the initial conditions g˙(0) = 0.06, 0.11, 0.15.
The usual power counting without scale dependence is the following:
• To order 0, one obtains the background evolution given by the Friedman
equations.
• To order 1, one obtains the leading corrections to the background evolu-
tion. These equations describe the evolution of metric and matter pertur-
bations [58–60]. The background scale factor obtained at order 0 serves
as input for the perturbations at order 1
• Higher powers such as 2 are neglected.
In the scale–dependent scenario, we focused on benchmarks where the scale–
dependent corrections are small. A similar type of perturbative SD cosmology
has already been introduced in [61]. These corrections can thus be symbolized
by a small parameter ξ. Our scenarios have thus two expansion parameters, 
and ξ, with  < ξ  1. Note that for larger red-shift one even has  ≈ ξ  1.
The perturbative power counting in the case of scale dependence will thus be
• To order ξ1, one obtains the background evolution given by the modified
Friedman equations.
• To order 1, one obtains the leading corrections to the background evolu-
tion. These equations are identical to the ones in the ΛCDM scenario. The
only difference is that the input of the background scale factor contains
scale dependence corrections.
• Higher powers, such as ξ11 or 2, are neglected.
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One can thus conclude that for sufficiently small ξ all corrections to the CMB
perturbations are generated due to the modified background evolution, and
therefore, for weak scale dependence, it is imposed that
∆(z) < O(0.1) , and δg < O(0.1) , (27)
where
δg = g(z)− 1 . (28)
However, for larger scale dependence ξ ≈ 1, one can expect significant correc-
tions at the level of the perturbation equations. This type of analysis of large
scale–dependence effects goes beyond the scope of this paper and will be post-
poned to a future study.
3.4 Bounds on G˙(t)
A possible time variability of Newton’s constant G = G(t) is the subject of
numerous experimental tests. Methods are based on very diverse physics and the
resulting upper bounds may differ by several orders of magnitude, for extensive
reviews see e.g. [62, 63]. One can distinguish between two types of constraints:
(a) Local constraints, based on inner galactic or astrophysical observations.
The stronger local constraints to date come from lunar ranging exper-
iments [64, 65], giving |G˙/G| = (7.1 ± 7.6) × 10−14 yr−1; solar system
observations [66, 67], giving |G˙/G| = (0.55 ± 0.15) × 10−13 yr−1 and
|G˙/G| = (6.3 ± 4.3) × 10−14 yr−1; and pulsar timing observations [68],
giving G˙/G = (−5± 26)× 10−13 yr−1. Other local constraints come from
pulsar binaries [69], giving G˙/G = (−0.1 ± 0.9) × 10−12 yr−1; ephemeris
of Mercury [70], giving |G˙/G| < 4×10−12 yr−1; exoplanetary motion [71],
giving |G˙/G| < 10−6 yr−1; surface temperature of millisecond pulsars [72],
giving |G˙/G| < 4 × 10−12 yr−1; and pulsating white-dwarfs [73], giving
|G˙/G| ∼ 1.8× 10−10 yr−1.
(b) Constraints based on cosmological observations. The strongest bounds
come from big bang nucleosynthesis [74], giving |G˙/G| < 4× 10−13 yr−1.
Other cosmological constraints come from helioseismology on cosmolog-
ical time scales [75], giving |G˙/G| . 1, 6 × 10−12 yr−1 and anisotropies
in cosmic microwave background [76], giving |G˙/G| < 1.05× 10−12 yr−1.
We also have constraints coming from gravitational waves [77], giving
|G˙/G| . 10−11 yr−1; and also gravitational waves + supernovae [78],
giving |G˙/G| . 3 × 10−12 yr−1. The latter can be used to constraint
cosmological parameters in a model independent way.
When using local constraints on G˙/G, one has to remember that in the SD
approach G = G(xµ) and therefore the simplification G = G(t) would not ap-
ply when considering the inside of local structures. Just like the cosmological
expansion of space-time does not apply inside of a galaxy or the stellar system.
Thus, one can expect that the time evolution of G(t, r) is locally suppressed
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inside of gravitationally bound structures and enhanced outside of these struc-
tures. This means that the local constraints on G˙/G can not be directly applied
to the above large-scale cosmological model of SD.
Cosmological constraints on G˙/G are a different story for us. Large scale
measurements are a priori within the regime of applicability of the above SD
cosmological model. However, when such observables are translated into bounds
on G˙/G it is typically assumed that all other cosmological parameters, in partic-
ular Λ = Λ0, are constant and therefore cosmological constraints require to be
redrawn in the context of the SD model (in the SD cosmology Λ = Λ(t) 6= Λ0).
This analysis goes beyond the scope of this paper and will be postponed to
future work.
Based on cosmological constraints, we will adopt
log10
∣∣∣∣∣ G˙/GGyr−1
∣∣∣∣∣ < −2, . . . ,−4 . (29)
where the r.h.s. range from less to most conservative. Let us note that while
constraints on G˙/G are an important tool for restricting the SD scenarios one
has to keep in mind the shortcomings of direct application of these constraints
to the SD scenario.
3.5 The age of the Universe
We can also make the distinction between cosmological and local methods of
estimating the age of the universe. First, there is the age deduced from an
explicit cosmological model such as ΛCDM. Limits in this case would have
to be re-derived within the SD model. Second, a lower limit on the age of the
universe can be deduced from the age of the older astrophysical objects by using
models of stellar evolution. In both cases the existing bounds of the age of the
universe have to be used with care and caution. Limits based on stellar evolution
seem more appropriate for us because they do not rely strongly on a particular
cosmological model, however, even here one has to be careful. The reason is,
that a fully SD theory would in principle depend on spatial and time-like scales.
Thus, in local clusters of matter, the gravitational couplings and time evolution
can be expected to evolve slightly different from the same couplings in the outer
void. For the present paper, however, we will assume that such effects are small.
4 Numerical survey
In this section the conceptual ideas from the subsections 3.2 and 3.3 will be con-
fronted with the observational bounds discussed in the subsections 3.4 and 3.5.
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4.1 Degrees of freedom
We will explore the phase space of the dynamical system given by eqs. (15-17).
For this discussion it is convenient to use the dimensionless functions (18) and,
x =
a(t)
a0
, (30)
and a dimensionless time variable given by
τ = h H100 t , (31)
where H100 = 100 km s
−1 Mpc−1. The scale dependent cosmological equations
take the form
x′(τ)2
x(τ)2
− g
′(τ)x′(τ)
g(τ)x(τ)
= Ωmg(τ)x(τ)
−3 + Ωrg(τ)x(τ)−4 + ΩΛλ(τ) , (32)
x′(τ)2
x(τ)2
− 2g
′(τ)x′(τ)
g(τ)x(τ)
+ 2
g′(τ)2
g(τ)2
+ 2
x′′(τ)
x(τ)
− g
′′(τ)
g(τ)
= −Ωrg(τ)x(τ)−4 + 3ΩΛλ(τ) ,
(33)
g′′(τ)
g(τ)
− g
′(τ)x′(τ)
g(τ)x(τ)
− 2g
′(τ)2
g(τ)2
= 0 . (34)
where x′(τ) = dx(τ)/dτ . The evolution of this dynamical system can be de-
termined by giving the initial conditions x(τ0), x
′(τ0), g(τ0) and g′(τ0), where
we denoted τ0 as the present value of the evolution coordinate τ . This means
an increase from one to four d.o.f. with respect to the ΛCDM case, where only
x′(τ0) is required to provide initial values. In the ΛCDM case this degree of
freedom is quite often traded for the value of h.
On physical grounds, we will set g(τ0) = 1, which implies that we are left
with three d.o.f. that are given by x(τ0), x
′(τ0) and g′(τ0). These degrees of
freedom characterize possible dynamics of the scale–dependent cosmology. For a
fixed value of g′(τ0), we can visualize x(τ0), x′(τ0) as the vertical position of the
red and blue line at τ = τ0 in the plot of Figure 4 . We will trade the x(τ0) d.o.f.
for the value of h, which can be understood as the horizontal displacement of
the intersection of the red line with the horizontal axis of the plot. Therefore we
will take x(τ0) = 1 and h as a free parameter. The reason for choosing x(τ0) = 1
is that we will use fiducial values from the Planck collaboration for the density
parameters Ωm and Ωr to carry out a numerical survey of the phase space
of equations (32-34). Our basic assumption here is that a complete analysis of
CMB anisotropies using the scale–dependent cosmology would determine values
for the density parameters that are a small correction from the values inferred
from a pure ΛCDM model, as discussed in subsection 3.3.
Mathematical consistency of (32-34) forbids to take λ(τ) as a constant for
generic initial conditions. The function λ(τ), however, does not carry an inde-
pendent degree of freedom as it can be determined algebraically from any of the
eqs. (32) or (33) at any giving time. The numerical evaluation of λ(τ) explicitly
reveals the time dependence of λ(τ) for generic initial conditions.
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Figure 4: Numerical solution of the scale dependent eqs. (32-34) for
g′(t0)/g(t0) = −0.5, x(t0) = 1 and x′(t0) = 1.3 and 0.85 on the left and
right plots respectively. For x′(t0)/x(t0) > 1 (< 1) we have τage smaller
(bigger) than the predicted value from a ΛCDM model, however the result-
ing physical age tage (eq. (42)) is generically smaller for values of h such that
(x′(t0)/x(t0) h H100) ≈ H0(late).
In the next section, we will mostly focus on regions where g′(τ)/g(τ) is small
enough to avoid conflict with constraints on the time dependence of Newton’s
constant. Based on the constraints (29) and using H100 ∼ (10 Gyr)−1, we can
express the constraints with respect to the dimensionless time variable τ and
the h parameter,
log10 |hg′/g| < −1, . . . ,−4 . (35)
4.2 Constraints on models
In this subsection we will put constraints on the values of α and γ given by
α =
x′(τ0)
x(τ0)
, γ =
g′(τ0)
g(τ0)
, (36)
and h defined in (31) by carrying out a numerical survey. As benchmark tests
we will focus on following criteria:
(i) expansion rate of the Universe at present as implied by late time observa-
tions, H
(late)
0 ;
(ii) expansion rate at z ∼ 103 as it is inferred from CMB anisotropies, H(early)0 ;
(iii) constraints on the age of the Universe, t∗age coming from stellar evolution.
For criterion (i), we will use measurements of H0 given by late time observa-
tions such as SN Ia or Cepheids [79]. We are going to use the measurement pro-
vided by the SH0ES project that is on the large-side of values, H
(late)
0 = 74.0±
13
1.4 km s−1 Mpc−1 [5]. For illustration purposes, we will use in criterion (ii) the
result from the Planck collaboration, H
(early)
0 = 67.4± 0.5 km s−1 Mpc−1. Nu-
merical solutions confirm the ideas in section 3.2, and therefore the evaluation
of criterion (ii) is not sensitive to the specific choice of redshift as long as it is
well inside the matter dominated era, see the figure 2. For the criterion (iii),
we will use an estimate that comes from stellar evolution. Numerical solutions
show a general tendency of predicting a slightly smaller tage than the ΛCDM
prediction (see figure 4), therefore we will take a conservative approach by us-
ing an estimate of the age of the Universe that is on the large-side of values
t∗age = 14.46± 0.8 Gyr [80].
We will quantify deviations in the predicted values by a given set of initial
conditions (α, γ, h) with functions Σ(i), Σ(ii) and Σ(iii). These functions repre-
sent deviations with respect to the central value in units of standard deviations.
For criterion (i), we used the function
Σ(i) =
abs
[
x˙/x
x˙(ΛCDM)/x(ΛCDM)
∣∣∣
z∼0
− H
(late)
0
H
(early)
0
]
H
(late)
0
H
(early)
0
((
∆H
(late)
0
H
(late)
0
)2
+
(
∆H
(early)
0
H
(early)
0
)2)1/2 , (37)
where x(ΛCDM) represents the ΛCDM prediction evaluated with Planck results.
The quantities. The function Σ(i) is given relative to σ = 1 uncertainties,
∆H
(late)
0 and ∆H
(early)
0 . If, for example a given model for (α, γ, h) predicts,
x˙/x|z∼0 = H(early)0 , (38)
then Σ(i) ≈ 4.4, which represents the current tension between early time and
late time measurements and therefore such (α, γ, h)-model does not have the
potential of describing the data any better than the ΛCDM prediction. Any
model (α, γ, h) that is capable of reducing the value of Σ(i) would be releasing
tension between early time and late time measurements. Models with Σ(i) < 1
are compatible with both measurements.
The suitability of a given model (α, γ, h) for criterion (ii) will be evaluated
with the function
Σ(ii) =
abs
[
x˙/x
x˙(ΛCDM)/x(ΛCDM)
∣∣∣
z∼103
− 1
]
∆H
(early)
0 /H
(early)
0
. (39)
A value Σ(ii) < 1 ensures compatibility with the results from the Planck collab-
oration.
For criterion (iii) we will use the function
Σ(iii) =
abs
[
tage − t∗age
]
∆t∗age
. (40)
A value Σ(iii) < 1 ensures compatibility age estimates from stellar evolution.
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The evaluation of Σ(ii) and Σ(iii) requires to use a numerical solution for a
given set parameters (α, γ, h). Thanks to the form of the equations (32-34), we
can benchmark a set of models (α, γ, h) with a single numerical solution of the
model (α, γ). This is because the relevant quantities in (39) and (40) have well
defined scaling properties,
x˙(t)/x(t) =hH100x
′(τ)/x(τ) , (41)
tage =h
−1H−1100τage . (42)
In (42), τage is the age of the Universe in the dimensionless time variable (31)
that is determined from the numerical solution with the (α, γ) initial conditions.
In figure 5 we have contour plots of Σ < 1, 2 regions (σ = 1, 2 regions resp.)
in the (α, h) plane for fixed values of γ. In the first row we considered values
of hγ . 10−1 that are in the upper range of constraints [77]. This constraints
serve as an illustration of the effect of using positive or negative values of γ.
In the second row of figure 5 there are plots for hγ . 10−4 that respect the
strongest constraints in the literature [64, 65]. All plots of figure 5 exhibit a
triple intersection in the Σ(i) < 1, Σ(ii) < 1 and Σ(iii) < 2 regions, and the case
of γ ≈ −0.6 is special for having a small region (but not point-like) of triple
intersection Σ(i),Σ(ii),Σ(iii) < 1. Values |γ| ∼ 10−4 are degenerate with respect
to the ΛCDM case in the sense that the region of Σ(ii) < 1 contains the point
(α, h) = (1, 0.67), however the region Σ(i) < 1 does not contain that point, as
expected.
In figure 6 we have contour plots of Σ < 1, 2 regions in the (α, γ) plane for
fixed values of h. The plot for h = 0.67 shows cases of the scale dependent
cosmology that could contain the ΛCDM model in the sense that the |γ| → 0
region is within the Σ(ii) < 1 region. We have two plots for smaller values
h = 0.593, 0.656 and two plots for bigger values h = 0.712, 0.74. All plots of
figure 6 show intersections of regions of Σ(i) < 1, Σ(ii) < 1 and Σ(iii) < 2. A
triple intersection Σ(i),Σ(ii),Σ(iii) < 1 can be found in the h = 0.593 plot for
values of (α, γ) that are consistent with the plot for γ = −0.6 of figure 5.
A complete analysis should infer the preferred values for the density pa-
rameters within the context of the scale dependent cosmology, however, this is
beyond the scope of the present paper.
5 Conclusions and final remarks
We have discussed an extension of the ΛCDM model that is based on a scale–
dependent generalization of gravity. Such a modification well motivated by
any effective quantum gravity with possible infrared instabilities, as for exam-
ple asymptotically safe quantum gravity. In contrast to previous analytical
approaches, where we could control the scale–dependent effect employing the
scale–dependent parameter , we now control the same effect via the initial
conditions on the dynamical system (32-34).
We showed that the resulting, very restricted, form of scale dependence of
Newton’s coupling and the cosmological coupling gives promising results, alle-
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H0(late) H0(early) tage(stellar evolution )
Figure 5: Contour plots of Σ < 1(darker color) and Σ < 2(lighter color) for
fixed values of γ = g′(τ)/g(τ). Further comments in the text.
viating the well-known discrepancy between early and late time measurements
of the Hubble parameter H0. We performed a numerical scan over the phase
spaced of the model. In order to pin down initial conditions, we demanded
compatibility with the CMB-inferred parameters, late time measurements of
H0, and the age of the Universe. We collected these results as contour plots,
where the above-mentioned criteria are contrasted. We also commented on the
possible degeneracy with the ΛCDM model when G˙/G is small enough, see plot
for h = 0.67 in figure 6.
Neglecting higher order corrections to the CMB-inferred parameters, we
found plenty of regions where tension on early and late time measurements
of H0 can be released. This works even for values of G˙/G ∼ 10−14 which is
in compliance with the most strict constraints on G˙(t), see plots of second line
in figure 6. Values of G˙/G ∼ 10−12, that are in the upper region of existing
cosmological constraints on G˙(t) can remove the tension with special ease, see
plots of first line in figure 6.
As next step it will be interesting to study perturbations to find the best fit
parameters to generate the CMB structure based on the scale–dependent cos-
mological model presented in this paper. This would be particularly interesting
for scenarios which go beyond the weak scale–dependence hypothesis discussed
in subsection 3.3. Based on our findings, we expect small corrections to the
inferred values from λCDM and compatibility with the late cosmological time
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Figure 6: Contour plots of Σ < 1(darker color) and Σ < 2(lighter color) for
fixed values of h. Further comments in the text.
measurements of H0. Further future developments will be the computation
of cosmological constraints on G˙/G based on the scale–dependent cosmological
model and the comparison to other cosmological models beyond ΛCDM by using
the statefinder parameters [81–85]. We also plan explore how the results change
when the system (15-16) is completed by other relations, alternative to (14).
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